The angle resolved reflectance factor of matte samples is measured with a goniophotometer and simulated using radiative transfer theory. Both measurements and simulations display the same characteristic dependence of the reflectance factor on the observation angle. The angle resolved reflectance spectra are translated to CIELAB color coordinates and the angular color differences are found to be surprisingly large. A chromatic adaptation that is dependent on the observation angle is suggested, in which a nonabsorbing opaque medium is used as the reference white, and the angular color differences are then reduced. Furthermore, the use of an undyed paper as the reference white is evaluated. The angular lightness differences are then reduced further, but the angular differences in chroma are still large. It is suggested that smaller variations in perceived color could be explained by angle dependent chromatic adaptation and a limited sensitivity of the human visual system to changes in chroma.
Introduction
To quantify the color of an object, its reflectance spectrum is measured and translated to some color space [1, 2] . The reflectance is usually measured with an instrument having a standardized geometry, such as d/0 or 45/0 [3, 4] . These instruments do not capture angular variations in the reflected light, since the reflectance factor is measured in one direction only. Geometry related color variations have mainly been studied for glossy samples [5] [6] [7] , and the light reflected from the bulk of the object is often assumed to be independent of direction. This is probably due to the widespread use of the Kubelka-Munk model for light scattering [8] , which is not angle resolved and stipulates a diffuse light distribution in the scattering and absorbing medium under most circumstances. It has been shown, however, by Neuman and Edström that the light reflected from the bulk of turbid media has angular variations in all situations encountered in practice [9, 10] . This calls for an investigation of angle resolved color and goniocolorimetry of bulk scattering media also, which is the focus of the present work.
A. Previous Work
There is little work done previously on goniocolorimetry and angle resolved color. Mikula et al. [11] measured the angle resolved reflectance from printed materials varying in gloss level to investigate the effect of gloss on angle resolved color. Chirdon et al. studied angular color variations in tooth restorations [12] . Oleari derived the angle resolved CIELAB coordinates of thin films based on calculated total reflectance from the samples [13] . Simonot et al. proposed a similar adaptation of the CIELAB space to goniocolorimetric measurements [14] . The method they proposed, involving a conversion of the angular resolution of reflectance measurements, is adapted to glossy samples, for which it is then possible to calculate CIE color coordinates due to gloss as a function of viewing angle. Simonot et al. exemplify their method with numerical calculations of the angle resolved color of glossy paper and emphasize the need for visual evaluations in order to validate their results. The goniochromism studied by Simonot et al. is entirely due to surface scattering effects, while the bulk reflectance is assumed to be Lambertian. However, Neuman et al. [15] presented angle resolved measurements of the spectral reflectance factor of low gloss level paper, together with corresponding simulations of angle resolved reflectance from purely bulk scattering media. They noticed strikingly large differences in color (around 20 ΔE Ã ab ), both in measurements and simulations, when the observation polar angle was changed. They saw that the chroma decreases and that the lightness increases as the observation polar angle increases, and they also proposed an explanation of the physical mechanism behind the observed phenomenon. The reported differences are unrealistically large, and the present work further investigates these differences. Neuman and Edström [9, 10] showed that the reflectance factor of a reference white, in their case a BaSO 4 plate, and a simulated nonabsorbing opaque medium varies with observation angle in a characteristic way. The measured and simulated media both reflect light anisotropically depending on the angular distribution of the illumination. This means that a bulk scattering ideal diffusor does not exist. Other authors have reported on angular variations of media used by many to represent the ideal diffusor (see, e.g., [16, 17] ). This can potentially affect the calculation of CIELAB color coordinates, where the ideal diffusor is used to account for chromatic adaptation of the human visual system. This work employs radiative transfer theory together with color science. The following two sections provide a background for the reader not familiar with these fields and also clarify the relation between the two fields. This is essential when interpreting measurements and when relating measurements to theory.
B. Color Science
The human eye contains three types of sensors for converting the light incident on the retina to a color sensation, and a color space for representing color sensations is therefore a three dimensional space. The sensor signals are called tristimulus values and are denoted by X, Y, and Z. The color sensation can be calculated from
where xðλÞ, yðλÞ, and zðλÞ denote the sensor sensitivities at wavelength λ. These are called colormatching functions and are obtained experimentally through trichromatic color matching. PðλÞ is the radiant power of light of wavelength λ incident on the sensor, and K is a constant that can be used to calibrate the color space. It is customary to use a K value such that Y ¼ 100 for an ideal diffusor, and this is a property of the CIE 1931 standard colorimetric observer. If we illuminate a medium using a light source with spectral power distribution P i ðλÞ, with i denoting incident, we can calculate the color sensation if we have the reflectance factor RðλÞ of the medium. Equation (1) then becomes
The reflectance factor can be measured, for example, using instruments with d/0 or 45/0 geometry, but we then neglect any possible angular variation of the reflectance. Perceived color differences are not uniform in the tristimulus color space. The CIE therefore recommends the approximately uniform CIE 1976 L Ã a Ã b Ã color space [1, 2] . This color space is defined as
where
Here X n , Y n , and Z n are the values of X, Y, and Z of the ideal diffusor under the same illumination. Dividing by X n , Y n , and Z n represents a chromatic adaptation to the spectral distribution of the light source.
The CIE 1976 color difference in the CIELAB space is denoted by ΔE Ã ab and is defined as
which is simply the Euclidean distance in the CIELAB space. There are more recent formulae for calculating color differences, containing nonlinear modifications. In the present work we use Eq. (5) due to its simplicity and to allow for easy interpretation of results. The chroma C Ã is defined as
and describes the saturation of the color. The hue h is given by
C. Radiative Transfer Theory
Radiative transfer (RT) theory can be used to calculate the reflectance factor of a turbid medium in any angle. This is in contrast to the Kubelka-Munk model of radiative transfer, which neglects angular variations and thereby introduces errors [9, 10] . Despite this, it is widely used in industrial applications together with reflectance measurement in d/0 geometry [3] in order to calculate the Kubelka-Munk scattering and absorption coefficients. This procedure is advocated by international standards [18] . RT theory describes the propagation of light in a medium characterized by its scattering and absorption coefficients σ s and σ a and a phase function describing the angular distribution of the single scattering events. The radiance L (unit ½W · m −2 · sr −1 ) is reduced by scattering and absorption and augmented by in-scattering from all directions. This is expressed by the familiar RT equation [19] , which can be stated as dLðr; θ; φÞ ds
where s is path length, r is a position vector, θ and φ denote the polar and azimuthal angle respectively, ω is a solid angle, and pðcos ΘÞ is the phase function where Θ is the angle between the directions of the incident and scattered light. A commonly used phase function is the Henyey-Greenstein [20] phase function, where
Other phase functions are those of Mie and Rayleigh, which can be used for certain specific purposes. The Henyey-Greenstein phase function contains a single parameter g, which is usually called the asymmetry factor. When g ¼ 0, the light is scattered isotropically at each scattering event, and when g → 1, light is scattered more in the forward direction. For organic materials it has been shown that g has values approximately in the interval 0.6-0.9 [21] [22] [23] , which means that forward scattering dominates. The asymmetry factor g is also the average of the cosine of the scattering angle of any phase function, i.e., g ¼ hcos Θi.
If we consider laterally homogeneous planeparallel media, then the RT equation [Eq. (8) ] can be solved numerically, for example, using the method of discrete ordinates and a series expansion of the azimuthal dependence, as described by, e.g., Edström [24] . There are also other solution methods, such as the auxiliary function method presented by Elias and Elias [25] . More complex problems require Monte Carlo methods for their solution. In the present work we deal only with RT in laterally homogeneous plane-parallel media and make use of the DORT2002 tool (freely available) developed by Edström [24] , which is an implementation of a numerical solution to this problem.
In a recent work Mishchenko [26] showed that the RT equation [Eq. (8)] can be derived from Maxwell's equations under certain conditions. This is a physical justification of the use of RT theory that previously has not been apparent. Mishchenko also showed that the radiance L lacks physical meaning but that it is a useful concept because it can be measured with a well-collimated radiometer.
To capture angular variations of reflected light, it is common practice to make use of the bidirectional reflectance-distribution function (BRDF), denoted by f r [27] . The BRDF is defined by the equation
where i and r denote incidence and reflection respectively. The BRDF thus relates reflected radiance L to incident irradiance E (unit ½W · m −2 ). Mishchenko's analysis thus tells us that we can measure the BRDF with a carefully calibrated instrument. It is easy to show that the BRDF is proportional to the reflectance factor, and we can therefore also measure the reflectance factor. This has sometimes been a subject of misconception in the literature.
D. Purpose of the Present Work
In this work we employ angle resolved radiative transfer theory and goniophotometer measurements to assess angle resolved color of bulk scattering media. The first purpose is to quantify the angular color differences of a set of paper samples with low gloss levels. We use both goniophotometer measurements of the samples and the corresponding simulations of media without surface effects such as gloss. We can then also compare the measurements and the RT based simulations to see if they display similar angle dependent characteristics. The second purpose is to suggest an adaptation of the CIELAB color space for goniocolorimetric measurements and simulations, in which chromatic adaptation depends on the observation angle. This is motivated by the use of the ideal diffusor as the reference white when calculating CIELAB coordinates and by previous work showing that media used to represent the ideal diffusor reflect light nondiffusely [9, 10, 16, 17] . The third purpose is to evaluate quantitatively if an angle dependent chromatic adaptation leads to more realistic angular color variations than those presented by Neuman et al. [15] . This work does not deal with perception studies.
Method
To quantify angular color differences, we use a set of four paper samples varying in dye content, and we measure their angular color variations with a goniophotometer. In parallel, we simulate how the samples reflect light using the RT based DORT2002 model. We translate the reflected measured and simulated angular spectra to the 1976 CIELAB color space, using a D50 illuminant and a 2°observer, first with the ideal diffusor as the reference white. To suggest a chromatic adaptation that is dependent on observation angle, we evaluate two other reference whites. First, we use the angle resolved reflectance of a purely bulk scattering all-reflecting medium, i.e., a nonabsorbing opaque medium, as the reference white in the calculation of the CIELAB coordinates. This is an idealized medium with the closest resemblance to the ideal diffusor. We thus replace chromatic adaptation via the ideal diffusor, and we thereby include the angular dependence of the reflectance of the bulk scattering all-reflecting medium in the calculation of the CIELAB coordinates. We obtain the angle resolved reflectance of this medium through RT simulations. Second, we use the measured angle resolved reflectance of plain undyed paper as the reference white, thus replacing the ideal diffusor chromatic adaptation. We then evaluate quantitatively the two suggested chromatic adaptations through the angular dependence of the CIELAB coordinates and through the maximum angular color difference, expressed in ΔE ab .
In Section 2.A we derive the equations that define angle resolved CIELAB coordinates, and Sections 2.B-2.D provide more detailed descriptions of material, measurements, and simulations.
A. Angle Resolved CIELAB Coordinates
To derive expressions for angle resolved CIELAB coordinates we need the angle resolved tristimulus values of both the illuminated medium and the reference white. We obtain these by making use of the BRDF defined in Eq. (10). Inserting Eq. (10) into Eq. (2) and integrating Eq. (10) over all solid angles where the integrands are nonzero, we get (since
f r ðθ i ; ϕ i ; θ r ; ϕ r ; λÞ × dEðθ i ; ϕ i ; λÞ yðλÞdλ;
f r ðθ i ; ϕ i ; θ r ; ϕ r ; λÞ
where we have also included the dependence on wavelength λ of the BRDF and of the illumination.
Equation (11) 
Obtaining this BRDF is difficult, since for a scattering and absorbing medium it requires a closed form solution of the equation of radiative transfer, which is impossible for practically relevant problems. However, the BRDF is often used to represent angle resolved reflectance data, given that a certain illumination is used. If we assume that the illumination is fixed, we eliminate the dependence on θ i and ϕ i and can perform the integral over E trivially. Furthermore, we assume that all measurements are done in-plane, so that we get no dependence on ϕ r (which is equivalent to assuming azimuthal symmetry). Equation (11) then becomes
where we have dropped the subscript r of the angles. Equation (12) 
where f r;d denotes the BRDF of a reference white for a particular illumination. We can now define the angle resolved CIELAB coordinates by inserting Eqs. (12) and (13) 
Equation (14) now takes into account the angular variations both of the light reflected from the reference white and of the light reflected from the medium under consideration.
B. Material
The four paper samples are prepared with a Formette Dynamique. All samples are made from a mix of equal amounts of kraft and birch pulps having Shopper/Riegler numbers 18°and 23°SR, respectively. Sheets having approximate grammage (w) of 30 g=m 2 are prepared, and all sheets contain 22% filler. The amount of blue dye is changed from 0% to 1% of the fiber weight in four steps, with sample S1 having the lowest dye content and sample S4 the highest. The dye used is Levacell Fast Blue KS-6GLL Liquid, manufactured by Lanxess. It is a cationic direct dye and is assumed not to affect the structure of the paper. The sheets are dried in a cylinder dryer for 5 min at a temperature of 105°C and a pressure of 1:50 bars. Special care is taken when preparing the samples to minimize gloss. Gloss measurements are made with a Zehntner gloss meter, and the gloss is found to be low, with an average of 1.0 for 20°and 2.9 for 60°and 75°. An overview of the paper samples is shown in Table 1 , where we describe the samples S1-S4.
None of the samples used in this work contains fluorescent whitening agents. This is essential, since fluorescence makes spectral reflectance measurements and simulations far more complicated.
C. Goniophotometer Measurements
The angle resolved measurements are made with a spectral goniophotometer at the University of Eastern Finland, Joensuu Campus. It has a halogen illumination of the ceiling lighting type with an illuminated area much larger than what is viewed by the detector. The detector is a Hamamatsu PMA-11 C7473 fiber spectrophotometer with a spectral range of 380-780 nm and a spectral resolution of 2 nm. The measurement spot is a circle of 10 mm diameter at normal viewing angle.
The measurement device is spectrally calibrated using a matte white ceramic reference tile (Spectralon SRS-99, Labsphere, Inc.). The reference tile is measured with a standard spectrophotometer having 45/0 geometry [4] , and the goniophotometer is calibrated by adjusting its readings for the same illumination and detection angles.
The sample is then measured in the goniophotometer with a directed illumination at −45°to the sample normal. The detector is moved from −30°in steps of 10°to 70°from the normal on the side opposite to the illumination. A thick black glossless paper is used as the background in order to absorb transmitted light and minimize boundary effects.
This procedure thus gives access to the angle resolved spectral reflectance factor.
D. d/0 Measurements and Estimation of σ s and σ a
The paper industry uses standardized reflectance measurements to assess the reflectance factor in d/0 geometry (diffuse illumination and detection in the normal direction) [3] . We use these measurements to determine σ s and σ a spectrally by measuring the spectral reflectance factor from a single sheet and an opaque pad of paper sheets. By using thin paper samples, we get a well-posed optimization problem that can be solved for σ s and σ a , e.g., by using the RT based DORT2002 model [24, 28] . This model can accurately describe the illumination and detection conditions of the d/0 instrument. The model describes the bulk behavior of the media, and there is no change in refractive index and no surface roughness. The boundary conditions of the model are radiance of incident light and of light reflected from below the medium, the latter being zero for all cases studied here. Spectral estimations of g are missing in the literature, but by comparing measurements and simulations, the asymmetry factor g ¼ 0:8 is found to represent the measurement data reasonably well for all wavelengths. This is also in agreement with previously reported values of the asymmetry factor for organic materials [21] [22] [23] . The parameters σ s , σ a , and g can then be used to simulate the angle resolved spectral reflectance factor of the samples.
Results

A. Angle Resolved Spectral Reflectance Factor
The angle resolved spectral reflectance factor measured with the goniophotometer is displayed in Fig. 1 for samples S1 and S4. The corresponding simulations are also shown in Fig. 1 . We can see that the reflectance factor R depends strongly on the polar angle θ, both in measurements and simulations. Instruments measuring the reflectance in only one direction will not capture this anisotropy, and neither will color calculations based on such measurements. The blue shading dye in the paper is manifested in the spectral dependence of the reflectance factor of samples S2-S4, with a lower reflectance in the absorption band of the dye (∼550-700 nm). The good agreement between measured and simulated data also shows that the paper sheets are described well by radiative transfer theory and that the assumed value of the asymmetry factor g is reasonable. However, surface effects can also give rise to angular variations of this kind, as shown by Oren and Nayar [29] and further developed by Simonot [30] . Since this study focuses on bulk scattering, the samples have been prepared to minimize surface effects, but any remaining surface effects can also contribute to the angular variations. In Fig. 2 the difference between the measured and simulated reflectance factor is shown for sample S4. The samples have been prepared to give low gloss levels, and the difference never exceeds 0.1 reflectance factor unit, with a maximum approximately around the gloss angle (45°).
B. Angular Color Differences with the Ideal Diffusor as the Reference White
The angle resolved measured and simulated reflectance spectra are translated to the CIE 1976 L Ã a Ã b Ã color space using Eqs. (3) and (4) with a D50 illuminant and a 2°observer. We thus use the ideal diffusor to account for chromatic adaptation, which means that the chromatic adaptation is independent of observation angle in this case. The result is shown in Fig. 3 , displaying the lightness L Ã and the chroma C Ã . We see that the correspondence is good between measured and simulated data and that the angular variations are present in measurements as well as simulations. The L Ã value shows a characteristic increase when the detector angle increases. We see that L Ã > 100 at some angles, and this is because the reflectance factor of the samples is larger than unity at these angles while that of the reference white is not. Nevertheless, the reflectance factor of the samples at other angles is less than unity, ensuring that the total reflectance is always smaller than or equal to unity. For dyed samples, i.e., for samples S2-S4, the chroma C Ã decreases as the detector angle increases. This means that the color in angles near the medium surface is perceived as lighter for all samples and as having less chroma for dyed samples. Neuman et al. [15] gave an explanation of the physical mechanism behind this phenomenon, arguing that the angular variations of the reflected light depend on the relative contributions from different scattering depths in the medium. The decrease in chroma is due to the larger anisotropy of the light of wavelengths that is absorbed by the dye, which is on average scattered closer to the medium surface. The variations in hue as the detector angle varies are small, with a maximum difference of 0.03 (measured) and 0.008 (simulated).
The maximum color difference, expressed in ΔE Ã ab , for all samples when varying the observation angle is shown in Table 2 . It can be seen that the color difference increases as the amount of dye increases, for both the measured and the simulated values. The color differences presented in Fig. 3 and Table 2 are clearly large. It is generally known that they are far above the limit of what should be possible to perceive. This means that both measurements and simulations indicate that we should perceive a distinct color change of plain glossless paper when we change the observation angle.
C. Angular Color Differences with Angle Dependent Chromatic Adaptation 1. Nonabsorbing Opaque Medium as the Reference White Figure 4 shows the BRDF of a nonabsorbing opaque medium, i.e., a purely bulk scattering all-reflecting medium, for a set of directed illuminations. The RT based DORT2002 model is used to simulate this medium. We use the asymmetry factor g ¼ 0:8, which is representative of organic materials, including paper, as has been shown in this work. The scattering and absorption coefficients are assigned values such that the albedo a ¼ σ s =ðσ s þ σ a Þ → 1, and the thickness is increased until no light is transmitted. We see that this medium reflects light anisotropically for all angles of incidence of the illumination. No angle of incidence will give a perfectly diffuse (Lambertian) reflectance. The total reflectance is equal to unity in all cases, which is to be expected for a nonabsorbing opaque medium.
Using Eq. (14) with the simulated nonabsorbing opaque medium illuminated in 45°as the reference white, we obtain the CIELAB coordinates shown in Fig. 5 . The increase in lightness is now reduced for all paper samples, which is a result of our proposed angle dependent chromatic adaptation, but the decrease in chroma remains and the angular color difference is still large. We see that now L Ã < 100, which is a result of the reference white having the same type of angular dependence as the samples. The variations in hue are small in this case also, with a maximum difference of 0.03 (measured) and 0.008 (simulated). Table 3 shows the maximum angular color difference for the samples, which is now reduced by approximately 5-8 ΔE Ã ab . Figure 6 shows the CIELAB coordinates when the plain undyed paper sample (S1) is used as the reference white, and Table 4 shows the maximum angular color difference. We can see that the color difference decreases further and that, as expected, S1 should be perceived as having a color independent of observation angle. The angular difference in chroma is still large for the dyed samples, both in measurements and simulations. Using S1 as the reference white thus compensates for the increased amount of light reflected at large observation angles, but since the angular variations are wavelength dependent, the change in chroma is still large. The variations in hue are still small, with a maximum difference of 0.03 (measured) and 0.004 (simulated). Fig. 4 . Simulated BRDF f r;d of a nonabsorbing opaque medium with g ¼ 0:8. We see that the BRDF, and thus the reflectance factor, is strongly dependent on observation angle θ r for all angles of incidence θ i . No angle of incidence will give a perfectly diffuse (Lambertian) reflectance. 
Undyed Paper as the Reference White
Discussion and Conclusions
We have seen in this work that the light reflected from turbid media and matte paper samples is highly anisotropic. When illuminated in 45°, all investigated media reflect more light at large observation angles, i.e., at angles closer to the medium surface. Both measurements and simulations display this characteristic angular dependence of the light reflectance. We saw that assuming that the chromatic adaptation of the human visual system (HVS) is independent of the observation angle leads to angular color differences of more than 20 ΔE Ã ab , which is surprisingly high for dyed papers and turbid media.
It is suggested here that the chromatic adaptation of the HVS is angle dependent and that the HVS adapts to the increased amount of light at large observation angles. We saw that this leads to smaller angular color differences. For media with wavelength dependent reflectance, the angular variations of the reflected light are also wavelength dependent. Because of this, the suggested angle dependent chromatic adaptation leads to color constancy in lightness, but the chroma is still significantly angle dependent. On the other hand, Kim et al. [31] observed that the HVS is less sensitive to changes in chroma than to changes in lightness. Hence, a supposedly smaller change in appearance as the observation angle varies could be explained by angle dependent lightness adaptation and a limited sensitivity to changes in chroma.
It is, however, not determined whether the perceived color of matte surfaces, such as the paper samples used in this work and turbid media in general, is angle dependent. This is highly interesting but requires sophisticated perception studies. Pairwise evaluations would require complicated experiments in which the observation angle varies for two identical samples under equal illumination angle. The authors encourage further studies on the design and execution of such visual evaluations. 
